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ABSTRACT

In this paper we present various particular versions of the general patch-
working procedure for the construction of reduced algebraic curves with
prescribed singularities on algebraic surfaces. Among the main examples
are a deformation of reducible algebraic curves on reducible algebraic sur-
faces in the presence of non-transverse intersections of a curve with the
singular locus of a surface, and a deformation of curves with multiple
components. As an application we deduce a significant asymptotical im-
provement for the sufficient existence criterion of algebraic curves with
arbitrary prescribed singularities in given linear systems on smooth pro-
jective algebraic surfaces.
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1. Introduction

The patchworking construction, based on the Viro “gluing” method [22, 23, 24,
25, 26, 27], which was invented in 1979-80 for the construction of real alge-
braic non-singular hypersurfaces with prescribed topology, and which provided
a major breakthrough in Hilbert’s 16th problem [9], was later modified for the
construction of algebraic curves with many prescribed singularities in a plane
[15, 17] or other algebraic surfaces [12, 19], and, more generally, hypersurfaces
with prescribed singularities in smooth algebraic varieties [18], construction of
polynomials with prescribed critical points [16, 17}, vector fields with many limit
cycles and prescribed singularities [10], and some other problems, for example,
enumeration of singular curves [14, 20]. We should also like to mention that the

patchworking construction appears to be useful in the symplectic setting as well
(cf. [4, 11]).

In [21] we proved a general patchworking theorem for the construction of
curves with prescribed singularities in a given linear system on an irreducible
algebraic surface, which covers and strengthens almost all previously known pro-
cedures. Namely, one includes the given algebraic surface into a one-dimensional
flat family X — (C,0) which degenerates into a reduced, reducible surface X,
then chooses a singular (reducible) curve Cp, belonging to the limit linear sys-
tem in Xy, and, finally, deforms Cy into a curve C; in a general fiber X, keeping
the prescribed singularities of the initial curve Cy.

In the present paper we elaborate in detail two particular versions of the
general patchworking procedure.

The version, considered in section 2, deals with the case of a curve Cy C Xg
having non-transverse intersections with the singular locus Sing(Xy) of Xo. We
point out that in preceding patchworking procedures, the components of Cy were
required to be non-singular along Sing(Xp) and to intersect it transversally (see
[17, 18]). The reason was the absence of tools to control the behavior of Cp in
the non-transverse case. In [1, 2, 14] one can find a technically tricky statement
on the deformation of a point, where two components of Cp are non-singular
and tangent to a non-singular line of Sing(Xy), and the idea is based on the
fact that the singularity of Cp is planar (just Ax), and one can thoroughly
study the versal deformation of such a singularity. The statement itself was
used in the construction of nodal curves of surfaces of general type [2, 3], and
later appeared in the tropical approach to enumerative geometry [20]. Here
we suggest a completely different idea which allows us to treat a large class of
singularities, not necessarily planar. Namely, we blow up the three-fold X at
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the singular point so that Xy obtains exceptional divisors as new components,
then we add to Cy the appropriate new components situated in the exceptional
divisors (we call them admissible patchworking patterns), and thus reduce
the problem to the case of a non-singular transverse intersection.

Another version of the patchworking construction (see section 3) describes
the deformations of non-reduced curves in smooth algebraic surfaces. To obtain
controllable deformations of a multiple component of a given curve we take the
trivial family of surfaces and blow it up along that multiple component. The
central surface of the new family contains a geometrically ruled surface as a
component, in which we insert a suitable patchworking pattern. The class of
deformations, which can be produced in this way, is basically parametrized by
curves in some linear system on the ruled component.

At last, in section 4, we demonstrate an application of our patchworking
procedures, which results in a new sufficient numerical existence condition for
irreducible curves with arbitrary prescribed singularities in given linear systems
on smooth algebraic surfaces. Asymptotically, the new condition significantly
improves the previously known general conditions [12, 19], and gets rid of non-
numerical conditions, which have been rather hard to verify.

ACKNOWLEDGEMENT: The authors are very grateful to Joseph Bernstein and
Oleg Viro for helpful discussions.

2. Deformation of curves with non-transversal boundary conditions

In this section we extend the geometric patchworking procedure to the case of
a non-transversal intersection of components of Cy. We use the notation of
Section 2.2 [21].
Consider a pattern consisting of:
¢ a one parameter flat family of projective surfaces 7: X — T over a smooth
base T,
e a family of invertible sheaves £; on X; = m~1(t), i.e. an invertible sheaf £
on X (up to a twist by #*F where F is a line bundle on T'), and
e asection & € H(Xq, Lo), whose set of zeroes is denoted by Cy = Uf=1 Ci.
In [21] we developed a patchworking procedure which, under appropriate
assumptions, provided us with a flat deformation C; of Cy, preserving the
singularities. Namely, we assumed that:
X1. X, is reduced and irreducible for any t # 0, where 0 € T is a distinguished
point.
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X2 Xo = Ule T is a union of reduced and irreducible surfaces such that
dim(X* N X7 N £*) = 0, for any three distinct indices i, j, k.

S1. Cy has only isolated singular points and all these points are smooth points
of X. If p € Sing(Xo) N Sing(Cp) then p € L' N I for some i, j.

S2. Cf are reduced.

53. CoNTN Y7 is reduced for any i # j.

S4. CoNETNEINEF =P, for any three distinct indices 1, 7, k.

S5. For any p € Cp N Xt N X7, there exists an open analytic neighborhood
p€ U C X such that Xg N U C U is a quasi-normal crossing divi-
sor; i.e. either it is a normal crossing divisor or the pair U - U (0) C T
is isomorphic to an open analytic neighborhood of 0 of the pair
Spec [z, y, z,t]/(zy — t*) — Spec C[t] for some positive integer /.

Notation 2.1: (1) Let n(i) be the number of the singular points of C§. We
denote these singular points by pt, ..., pfl( 9 and their singularity types by S} =
S®5), j =1,...,n(i). The types S} can coincide for different j.

(2) Let Ip; co Xo,pi be the equisingular/equianalytic ideal of the singular
point p; We denote by Z¢%/¢¢ the equisingular/equianalytic ideal sheaf of the
zero-dimensional scheme concentrated at UZ j pj— C Xo, which is defined locally
at pj by the ideal Ip;;.

Under these assumptions and notation we proved

THEOREM 2.2 (Weak Patchworking Theorem): Assume that
(1) HY(Xo, T/ ® Lg) = 0.

Then there exists some open neighborhood U, = U(0) C T and a family of
curves Cy € |Ly, t € U, having ¥, n(i) singular points of types {S;}E;E];(z),

respectively, as their only singularities.

Some generalization (Theorem 2.15 [21]) of the last theorem was proven as
well.

It turns out that in many cases the condition S3 is not satisfied; see, for
example, [2]. However, one can still prove a version of the patchworking theorem,
which is the goal of the current section. It is clear that even in the case when
S3 is false, we can carry out the same “gluing” procedure as before with the
only difference being that the points of intersection of the components of Cy
give rise to some new singularities. So the problem is to control the types and
the number of “new” singular points which will appear.
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The only known approach to this type of problem is a straightforward com-
putation. This approach was successfully applied in the nodal case (cf. [1]).
However, it seems to be impossible to extend this type of computation to the
case of more complicated singularities.

Our approach is different. We suggest reducing the problem, using geometric
patchworking, to the problem of describing singular curves in toric surfaces. To
do this, one has to blow up the family X along an appropriate non-reduced
subscheme, concentrated at the “bad” intersection points, in such a way that
the proper transforms C’O and Xin (EJ UE) will intersect transversally (the same
when switching i and j).

Ai

Y

Figure 1. Blow up of a boundary singularity.

Let us explain our idea in more detail for the case of semiquasihomogeneous
singularities of C} and CJ at p € CiNCJ. Denote a local parameter on T' by ¢.
We know that in some neighbourhood of p, X is given by zy = t*. Let 2 be a
third local coordinate. Assume that the Newton diagrams of C§ and C’g at p are
At and A7 as in Figure 1. Denote n = lem(a, b, ¢), and consider the base change
X = X x7 S where 0: S — T is a totally ramified (at 0 € T) n(1/a + 1/b)-
covering of T. Denote the local parameter on S by s (we can assume that
s™M(1/a+1/b) — 5*(})). Now we can consider the zero-dimensional subscheme Z
concentrated at p € X which is defined by the ideal Z with zCO 5 generated
by

i i n(1—-j/b—i/c)\i/c+i/b<1 +i/a<1
2) {d zign(1=i/b z/C)}é/ScijéZ U{ J yign(l—j/a— 1/0)}2/0 ;é% )

Consider the new flat projective family of surfaces Y = Bl Z(X )= S.
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Remark 2.3: The generic fiber of the new family Y is isomorphic to the generic
fiber of X and Y = Bl(X,) U E.

Notation 2.4: We introduce the following notation for the projections.

e Ty Y — X ,

e Ty X = X,

®TYX =TEx Ty X

emY =S,
Finally, we consider the new family of sheaves & =7} v (£) ® ﬂ; )?I and a new
section

{=mpx(6)Wir € H(Y0,&),,),

where (g = (|, € £}y, (E) is any (admissible) section, cf. Definition 2.7, defining
a curve with isolated singular points as its only singularities. The latter curve
{¢e =0} = Cg C E we call an admissible patchworking pattern.

CramM 2.5:
e The exceptional divisor E is the toric surface associated with the triangle
{(0,),(0,—a),(c,0)} CZ?®R;
e the intersection 735 (C§) N (5 N E) is transversal;
. w;ﬁ((Cé)ﬂgﬂEﬂg =0;
e in the neighborhood of any p € n;ﬁ((C’é) NSiNE C X the divisor
TIUECX isa quasi-normal crossing divisor.

Proof: The proof of the claim is a straightforward computation and we omit
it here. ]

COROLLARY 2.6: (1) The patchworking pattern (Y,&,() satisfies conditions
X1, X2, 51, 52, 83, 54, S5.

(2) If condition (1) of Theorem 2.2 is satisfied for the new data Y,&,( then
for a generic t € T there exists a curve Cy (defined by a section & € HO(Xy, L;))
having {S;}ié;é};b( y U Sing({g) as its only singularities.

Now we would like to present a generalization of Theorem 2.2 and of the last
corollary. To do this we need the following

Definition 2.7: (1) In the above notations, let p € £* N X7 be a common point
of the curves C¢ and C’g, which is a semiquasihomogeneous singular point for
both the curves. We define the sheaves 7% on &% and 77 on %7 to be the ideal
sheaves of the zero-dimensional schemes concentrated at p with stalks at p given
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by (J*), = Ideal(A?) and (J'?), = Ideal(A7), where Af, AJ are the (local)
Newton diagrams of the singular point p of C§, C’g, respectively (see Figure
1), and Ideal(x) is defined by vanishing of the coefficients under the Newton
diagram.
(2) A set Agﬁ ce Of singularity types is called admissible if there exists a
section (g € H 0(E,é'| ), called admissible section, satisfying
o ( =nyx (&) W(E is a section of £}, (denote by Cp the curve defined by
0,
e CoNSing(E) =0,
e CoNTNE and CyNE/ N E are reduced,
e CoNET'NITINE =9,
* Co N E has exactly |A% ¢.¢,| singular points of types Ay £,6y and
e for the equisingular (equianalytic) ideal T» o of Sing(Co N E),
(3) HY(E,Iy»

b ®OB(CONE-EN (EiuEh))) =o.
THEOREM 2.8: Assume that we are given a flat projective family of surfaces
X = T over a smooth base T' and an invertible sheaf £ on X satisfying X1
and X2. Consider a section & € H®(Xy,L) and its zero set Co = |JC}
satisfying S1,52,84,85 and assume that, for any i # j,p € CoN TN I,
either Co N TN D7 is reduced at p, or C§ and C} have semiquasihomogeneous
singularities at p. As before we denote the singularity types of singular
points of Cy in Xg — Ua#,(Ea N %8) by sz The singular points of Cy in
£*N 7 which are not ordinary nodes we denote p;jo € X* N X7, Consider the
equisingular/equianalytic ideal Te%/€e of the “internal” singular points of Cy
(see Notation 2.1), and, for any boundary singular point p;j, define the
sheaves J“Pise and J9Pii= as in Definition 2.7. Assume that

5,1
Then, for any collection of admissible sets A?éf?;,g(, of singularity types, there
exists an open neighborhood U, = U(0) C T and a family of sections C; €
H°(X,,L:),t € Ue, having {S]‘}E;é’;(z) UAx ¢, as its only singularities, where

Pijo
AX,Z:,E() = U Axfﬁ,go .

Proof:  As before we start with an appropriate base change and get family X -
S. Then we blow up this family along the zero-dimensional scheme concentrated
at |Jpija, and given by sheaf of ideals Z with stalks Z,
(2). We denote the new family by Y — S.

defined similarly to

ija
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Next we define the new family of line bundles by £ = 7} L ® 7y yZ. Now,
given any collection of admissible singularity types Ax ¢ ¢,, by the definition we
can construct a section ¢ of &, such that Z(¢) has {S;}EE};@
only singularity outside of the intersection curves of several components of Yp.

) UAx,ce, as its

Moreover, Z(({) intersects transversally any of these curves.

It is clear that the triple (Y, £, () satisfies conditions X1, X2, 51~ S5. So, if
condition (1) is also satisfied, then we can use Theorem 2.2 to derive the result.
It remains to prove that

(5) HY (Y0, I2/** @ &) = 0.
Consider the exact sequence

P (B 1/ 0 0s(ConE-ENEUT)) -
E

~ H (Y, I3 @ &) = H' (X0, T,/ © &).

s
The first group is zero by the definition of the admissible singularity classes.
The last group is zero, since
HI(Z),IS\;/;& ® 50) — Hl (XO, ®(‘71:,Pija ®jj,pija) ®I§:/ea @LO) =0.

a, 7,1
Hence (5) is satisfied, and we are done. |
To illustrate the theorem we consider the following example:

Example 2.9: Let A C R? be a convex non-degenerate lattice polygon, Tor(A)
the toric surface associated with A. The monomials ziy?, (i,5) € AN Z?
generate a very ample linear system A(A) = |£(A)| on Tor(A). We claim
that there is a rational nodal curve C' € A(A), which, for any edge ¢ C A,
meets Tor(o) at a unique point, and, furthermore, C is non-singular at all these
points. In other words, C crosses any Tor(s), o C OA, at one non-singular
point with multiplicity equal to |o|, the lattice length of the edge o. Moreover,
for any two fixed distinct edges 01,02 C A and any two fixed generic points
z1 € Tor(o1),22 € Tor(os), we can find C as above passing through 21, 22 and
the family of such curves has expected dimension.

It is not difficult to show that such a rational curve does exist, however it is
not evident that one can find a nodal rational curve. For example, a relatively
simple case of a triangular A requires some computation (see [20], Lemma 3.5).
Our patchworking theorem allows one to extend the required statement from
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the case of a triangle to an arbitrary lattice polygon A. Namely, we prove the
statement by induction on the number of vertices in A.

The base of induction is the case of a triangle, and it is done in [20], Lemma
3.5. To perform the induction step, we start with A which is not a triangle.
Let vg,v1,...,Unt1, 0 > 2, be the vertices of A. We divide A by the diagonal
(vg,vs) into a union

Ay U Ag = conv{vg, vy,v2} Uconv{va,...,Unt1,00},

and work in the setting of Example 2.2 [21]). We will assume that z; € Tor(94,).

For i = 1,2, we take a rational nodal curve C§ € A(A;), which meets any
divisor Tor(g), ¢ C JA;, at a non-singular point with multiplicity |o|. Such
curves do exist by the induction assumption, and moreover, they can be chosen
so that, for the common edge ¢ = A; N Aj, it holds that C3 N Tor(c) =
C2 N Tor(s) = {z} is a generic point on Tor(c). Hence, we have constructed
a patchworking pattern, which satisfies the required conditions with the only
exception being condition S3.

By [20], Lemnma 5.5 (i), the set of |g| — 1 nodes is admissible on Tor(E),
where E is the triangle with vertices (0, 1), (0, 1), (|o},0). So, if condition (4)
is satisfied for the presented patchworking pattern, then we can apply Theorem
2.8 to derive the existence of an irreducible reduced curve Cy € A(A) having
| Int(A) N Z2| nodes as its only singularities. Since the arithmetic genus of any
curve in A(A) is | Int(A) N Z2|, the resulting curve is rational. To preserve the
tangency conditions to the divisors at infinity, we should modify condition (4)
in a sense of Remark 3.2 (2) [21]. Namely, instead of the ideal

T = ®(ji,pija ® JHPie) ® Tes/ee

a,jyi

we consider Z® J, where J,. A is the ideal concentrated at the intersection
points of C} with the lines L, corresponding to the common edges of A; and A,
where it is locally given by {f € O,|(f - L), > (C§ - L), — 1} if 2 # 21, 22, and
{(fe€O,f L), >(CE- L), —1}if 2= 2z or 2 = 2.

So, it remains to check modified condition (4). Denote F =@ J ® Lo, F1 =
]-]Tmml), Fo= .7-'|TOT(A2), Fio = .7-'|Tmm1m2) and consider the exact sequence

0>F—>F1dFa— Fio—0.

Due to the induction assumption, H!(Tor(4A;),F;) = 0, hence, in order to check
modified condition (4), i.e. to prove H!(UTor(A;), F) = 0, it is sufficient to show
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that the map
(6)  H°(Tor(A1),F1) ® H(Tor(As), Fz2) = H®(Tor(A1) N Tor(Ay), Fia)

is surjective. But the map H(Tor(A;),F) — H(Tor(A;) N Tor(Az), Fiz)
is surjective (one can easily derive this from the Riemann—-Roch Theorem),
therefore (6) holds, and we are done.

3. Deformation of curves with multiple components

Assume that we are given a plane curve C C P? of the form C = C;+kCy, k > 1,
where C; and Cy are smooth curves of degrees dy, dz, intersecting transversally.
One would like to describe the deformation space of the singularity of C. This
space is too big, but one can describe some natural small subspace of it. Namely,
consider P? x P! and define X to be the blow up of P? x P! along C x0 C P2 x P!,
Then X admits natural projections m: X — P! and 0: X — P2. If t # 0 then
7~1(¢) = P? and if ¢ = 0 then 771(0) = P2 U E, where the exceptional divisor
E =Proj(Oc, ® Oc,(C2)) is a ruled surface over Cs.

Now we consider the family £ = 6*Op2(d; + kd2) ® Ox(—kE) of line bundles
on X. Thus

o L), = Opa(dy +kdy) for t # 0,

d /~'|ﬂ,,g = Op2(dh),

o L, = Op(kCy + (dida + kd3)F) where F is the class of the fiber in E.
Let £ € HO(Xo,Lo) be a section, and let C = C; U C, C P2 U E denote the
curve defined by the section £. Assume that C, = Ci. Assume also that C; has
only isolated singularities of some types Si,...,S,. We denote the equisingular
(equianalytic) ideal of {JS; C Xp by Ig/ .

THEOREM 3.1: Assume that

(7) H'(B, (157" ® £);) = 0.

le

Then there exists a deformation Cy C P? of Cy = C and, for any t # 0, the curve
C} has exactly r singular points of types Si,...,S, as its only singularities.

Proof: This theorem is an easy consequence of the geometric patchworking,.
First of all we have to show that

(8) H'(Xo0,13/* ® £) = 0.
Consider the exact sequence

0= Opa(dy — do) » I5/** @ L » (IZ/* © L)), — 0.
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H'(P2, Op2(d; — d3)) = 0, thus (7) implies (8). Now one can apply Theorem
2.2 to derive the result. |

4. Existence of curves with prescribed singularities on algebraic

surfaces

In this section we consider the problem of the existence of curves with prescribed
singularities on algebraic surfaces. Namely, let ¥ be a smooth projective alge-
braic surface, £ € Pic(X), and let Sy,...,S, be singularity types. Consider
the variety Viz|(S1,...,S,) parameterizing curves C € |£] having exactly r sin-
gular points of types &i,...,S, as its only singularities. We ask the following

questions:
o Is Vigy(St,...,Sp) # 07
e Does V| L|(51, ...,Sy) contain a regular component, i.e. a component of

expected dimension?

A complete answer (i.e. a necessary and sufficient numerical condition on £
and singularity types) to these questions is known only for nodal curves on very
specific surfaces. However, a sufficient condition to this problem was proposed
in 7, 19] in the plane case, and in [12] for general surfaces. The goal of this sec-
tion is to significantly improve the numerical conditions and to get rid of some
non-numerical condition given in [12], which are hard to verify. Our method is
based on the patchworking procedure developed in [21]. Namely, first we prove
the result for geometrically ruled surfaces. Then we degenerate the surface T
into a union of ¥ and some geometrically ruled surface, and use geometric patch-
working to derive the general result. In fact this method is closely related to
the deformations of curves with multiple components, presented in the previous
section. Namely, the resulting singular curve is obtained as a deformation of a
curve with multiple components in ¥, and the patchworking procedure allows
us to describe this deformation.

4.1 GEOMETRICALLY RULED SURFACES. Let L be a smooth, connected, pro-
jective curve of genus g;, and let D € Div(L) be a positive divisor. Consider
the geometrically ruled surface

7r,pt Lp,p = Proj(Or & O(D)) — L.

It is well known that 7, p admits a unique section whose image has a negative
self-intersection. We identify the image of this section with L. It is also known
that dim NS(X1 p) = 2; moreover, NS(X p) is generated by the class of a



156 E. SHUSTIN AND I. TYOMKIN Isr. J. Math.

fiber F' = WZ,ID (pt) and the class of L, and any effective divisor M € Div(Zy p)
is numerically equivalent to a combination of F' and L with non-negative coef-
ficients. It is important to mention that the intersection form is given by the
equalities L? = —deg(D), F?=0, and L.F = 1.

THEOREM 4.1: Let 81,...,S, be singularity types, let a and b be positive inte-
gers, and let M € Div(¥}, p) be any divisor numerically equivalent to aL + bF.
Define m; = s(8;) + 1. Without loss of generality, my > my > -+ > m,.
Assume that

(9) b—2gr + 1+ deg(D) > (a+ 2)deg(D) > (m; + 1)deg(D),
5 _ deg(D)+1 .
(10) (M I\\_L D)Z > —edegw— (2’"11 +3+ i—zl(?ni + 1)2) ,
. dcg )+1
(1) (M =Ky, = F)* 2 =P Z( i+ 1)°
(12) (M = K, p = 1 2 “5 Z(

Then, for almost every section a« € H°(L,Op,(M)), there exists an irreducible
algebraic curve C € |Oy, ,(M)| such that
(i) C has exactly r singular points of types S, . .., S, as its only singularities,
(i) C N L is given by « (in particular C intersects L transversally),
(iii) the equisingular/equianalytic stratum of C is smooth at C and has the
expected dimension.

Remark 4.2: (1) Compared to the previously known existence results, cf. [12],
we mention that the statement ahove improves significantly the leading coeffi-
cient, namely in [12] the leading coefficient was 2, which is usually much weaker
than (deg(D) + 1)/deg(D), while the optimal coefficient is one.

(2) It is well known that Ky, ;,, =pum —2L + (291, — 2 — deg(D))F. Hence
the conditions (10), (11), (12) can be reformulated as

(a+2)(2b—4gL +4 —a - deg(D)) > %1— <2ml +3+ Z(m,— + 1)2),

=1

(a+2)(2b—4g1, +2—a-deg(D)) > % ;(mi +1)%,

deg(D) +1 ;
(a+1)(2b—4gL +4 —a-deg(D) + deg(D)) > _%g()b—)_ Z(mi + 1)%,
i=1
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The following lemmas will be useful:

LEMMA 4.3: Letny,...,n, € N, and R € Div(Zy, p) be a divisor satisfying the
following three conditions:

r

, deg(D) +1
— Ky 25 TNV 4 1)2
(13) (R I‘LL.D) - deg(D) ;(ni+ ) ’
(14) (R—- Ky, p).F>wmax{ni|i =1,...,7},
(15) R - Ky, , Is nef.

Then for z,...,2, € ¥ in general position and v > 0
- T
HY (EL,D,W*R - ZniEi) =0,
=1

where EL,D denotes the blow up of 1, p at {z1,...,2.}, ™ f)L,D ~+ Xp,p is
the natural projection, and E; = n7(2;).

Remark 4.4: (1) In principle, by imposing linear restrictions on R and ny, ..., n,
(similar to (14)), it is possible to decrease the coefficient (deg(D) + 1)/deg(D).

(2) Fix N € Nand € > 0. Then Lemma 4.3 implies the following asymptotical
statement: For any d >> 0 and for any set of multiplicities my <--- <m, < N
satisfying

e +0d)>1+e i(m«i +1)%,

=1

the following h!-vanishing holds:
H'(P?,1(d)) = 0,

where 7 is the sheaf of ideals of the zero-dimensional scheme of generic fat points
T mi

Uiz, 2.
1=1"i

LEMMA 4.5: Using the notation of Theorem 4.1, let z1,...,2, € £ p be points
in general position. Assume that (9), (10), (11) hold. Then, for almost every
section @ € HO(L,0L(M)), there exists a curve C € |Og, ,(M)| with the
following properties:

(i) C has an ordinary multiple point of multiplicity m; = s(S;) + 1 at z; for

any i = 1,...,r, and no other singularities;
(if) for anyi=1,...,r the tangent directions of C at z; are generic;
(iii) the curve C is connected;
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(iv) CN L is given by the section .
We postpone the proofs of the lemmas, and show first how to derive the

theorem.

Proof of Theorem 4.1: 'We apply the patchworking procedure (Theorem 2.2) to
a patchworking pattern very similar to the one presented in Example 2.1 [21].
Let us first construct the patchworking pattern.

Let z1,...,2, € ¥1,p be points in general position. Define a flat family of
surfaces m: X = Bl,, xo,....z, x0(XL,p X P1) = P! to be the blow up of £ p x P!
at 21 X 0,...,2, x 0. The variety X admits a natural projection o: X — X p.

Consider a family of line bundles on X; = n~1(¢) given by the line bundle
L = 0*(0s,,(M)) ® Q,_; Ox(—m;E"), where E* denotes the exceptional
divisor corresponding to z; x 0. It is easy to see that the generic fiber of our
family is isomorphic to ¥, p equipped with the line bundle Os, , (M), and
the central fiber of our family is isomorphic to 5 LpU U::I E*, where > LD IS
the blow up of X1 p at z1,...,2,. The central fiber is equipped with the line
bundle, whose restriction to E* is Ogi(m;) and whose restriction to 5 L,p is the
pullback of Ox, , (M) twisted by OE‘L,D(—miEé) fori =1,...,r, where E} is
the exceptional divisor corresponding to z;.

The last ingredient of the patchworking pattern is the section & € H°(Xo, Lo).
First, due to Lemma 4.5, there exists a curve in |Og, , (M)| having an ordinary
multiple point of multiplicity m; at z; fori = 1,...,r, and no other singularities.
Its pre-image in > L,p is denoted by CJ. By Lemma 4.5, we can assume that
for any i, CO N E* is a generic set of m; points on the line £, p N E*. Next,
by Lemma 4.6 [21], we can choose good representatives C} € |Ogi(m;)| of the
singularity types Sy, ¢ = 1,...,r, such that C§ N £, p = C9 N E%. Hence the
curve |JI_, C§ C Xp is given by some section & € H°(Xo,Lo). Moreover,
if Ig; C Og: denotes the equisingular/equianalytic ideal sheaf of the singular
point of Cf then H'(E*, I (m; — 1)) = 0, since m; = s(S;) + 1 and the set of
points C§ N f]L,D = CJ N E* is generic in EL,D N E¢,

Next we show that H'(Xo,Z ® Lo) = 0, where Z C Oy, denotes the equi-
singular/equianalytic ideal sheaf of the singular points of Cyy. This follows from
Lemma 4.3, due to Theorem 3.1 [21]. Now we can apply the weak patchworking
theorem (Theorem 2.2) to derive the existence result. Namely, there exists a
deformation Cy € |L;|, t belonging to a small neighborhood of 0, such that C
has exactly r singular points of types Si,...,S, as its only singularities. If Z;
denotes the equisingular/equianalytic ideal of the singular points of Cy, then
H(X;,T; ® L;) = 0, by the semi-continuity of the cohomology. Hence the germ
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of the equisingular/equianalytic strata of C; is smooth and has the expected
dimension for small ¢.

To prove the irreducibility of the constructed curves we just mention that,
due to Lemma 4.5, the curve Cp is connected. Moreover, any two components
of Cy intersect transversally, and these intersection points get smoothed under
the deformation. Hence the resulting curve C; is irreducible.

Due to Lemma 4.5, for almost every section @ € H®(L,0L(M)), we can
choose Cg in such a way that CoN L is given by &. C;N L is a small deformation
of CoN L, hence, for almost every section a € H*(L, O1,(M)), the zero set Z(a)
is obtained as C; N L, for an appropriate choice of ¢t and Cp. ]

Proof of Lemma 4.3: By the Kawamata—Viehweg vanishing theorem it suffices
to show that A = (m*R - 3[_, i E;) — Kg,  is big and nef, i.e. we have to
show:

(a) A? >0, and

(b) A.B' > 0 for any irreducible curve B’ in T L.D-
Note that A = 7*(R — Ky, ,,) — >_i_; (ni + 1)E;, and thus by hypothesis (13)

we have
,

A =(R- Kz, ;)" =) (ni+1)* >0,
i=1
which gives condition (a).
For condition (b) we observe that an irreducible curve B’ on ¥ is either the
strict transform of an irreducible curve B in ¥ or one of the exceptional curves
E;. In the latter case we have

AB =AE, =n;+1>0.
We may therefore assume that B’ = B is the strict transform of an irreducible

curve B on ¥ having multiplicity mult,,(B) = k; at 2;,i=1,...,r. Then

AB =(R-Kg, ,).B-) (ni+ 1)k,

i=1
and thus condition (b) is equivalent to (b'): (R — Ky, ,).B > 5. (ni + 1)k;.

CLAaM 4.6: Let B C ¥ be an irreducible curve passing through zi,...,z,
(points in general position) with multiplicities ki, ..., k.. Then

B* > "k} — min{k;|k; # 0}.
i=1
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For the proof of the claim we refer to [12] Lemma 2.2. Now, using Claim 4.6,
the Hodge index theorem, hypothesis (13), and the Cauchy- Schwarz inequality
we get the following sequence of inequalities:

(R-Kz, ,).BY > (R~ K, ,)* - B?
deg(D) +1 ¢
> (o )

1=1

=1

: 1+1) (Xizy ki — (deg(D) + 1)ki,)
— g(nz + 1 Z k2 (n ch;(D) €g
r 2
. . Tialni + 1) (T, k2 — (deg(D) + 1)ki)
2 (;(m+l)kz> + iog(D) ,

where 59 € {1,...,7} is such that k;; = min{k;|k; # 0}. Since R — Ky, , is nef,
condition (b') is satisfied as soon as we have

(16) j{:A? (deg(D) + )k,

which leaves us with the cases when #{i|k; # 0} < deg(D). Moreover, we can
assume that B # L since z are in general position. B # L is irreducible, hence
(17) B.L > 0.

If B = F, then (16) is satisfied and we are done. So we can also assume that
(18) B.F > max{k;}.

As we mentioned before R— Ky, , =pum al.+bF, wherea = (R—Kx, ,).F >
max{n;|i = 1,...,7} due to (14), and b+aL* = (R— Ky, ,).L > 0 which implies
(19) b> —aL? = a- deg(D) > deg(D) - max{n; + 1}.

Thus, due to (17), (18), (19)

(R-Ky, ,).B =aL.B+bF.B > deg(D)-max{n;+1} -max{k;} > Zki(n,—+1),
i=1

since #{i|k; # 0} < deg(D). So condition (b') is satisfied, and we are done.
|
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Proof of Lemmma 4.5: Let 29 € L1, p be any point different from 2, ..., 2,, and
let mg = 0. Define sheaves of ideals 7;, 7 =0,...,r, by

mi+1 : _
my, oo 2= 2
(j) — mj T ,
i)z My, oo E2=25]#74,

Ospp,2;, otherwise.

Then define J = 5.;_, Ji- By Lemma 4.3,
HI(EL,D’J ® OEL.D (M)) = HI(EL,DHZ' ® OEL,D(M)) =0

for all ¢ > 0. To show that H(21,p, Jo® s, ,,(M)) = 0 we consider the exact
sequence

0— J®02L,D(M - FO) 2> J® OEL,D(M) — (jO ® OEL,D(M))IFO - 0,

where Fp is the fiber of 7y p: X1 p — L passing through the point zy. Since
the points z1,. .., 2, are in general position, at most one of these points belongs
to Fu. Now we consider the long exact sequence,

H'Y(S1,0,T®0(M-Fp)) - H' (1,0, o®O(M)) = H' (Fo, (Jo®O(M)),.)-

The first group is zero by Lemma 4.3, and the last group is zero by the Riemann—
Roch theorem, since M.Fy > max{m;|1 <1 <r}. Hence

HYZ.,p,J0® Ox, ,(M)) =0.
Consider the exact sequences
0~ J:®0s, ,(M) = J ®Os, (M) = mJ¥ /mth -0
and corresponding exact sequences of cohomology
H(SLp, T ® Oz, »(M)) = m’z’;“'/m’z’:‘+1 - H' (S p, i ® Oz, »,(M)) =0.

It follows now that the generic curve in |7 ®Og,, ,,(M)| has an ordinary multiple
point at z;, ¢ = 1,...,r, of multiplicity m; with generic tangent directions at
each point. It follows also that the base locus of |7 ® Os, ,(M)|is {z1,...,2r},
and hence the generic curve in this system has exactly r singular points.

Next, we have to show that the curve C is connected. We proved that the base
locus of |J ® Og, ,(M)| is finite, and thus the generic element G in this system
does not contain L as a component. Since m; > 2 foralli =1,...,r, G contains
at least one component G; numerically nonequivalent to kF. Then F.G; > 0
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and L.G; > 0. Now, if G5 is any other component of G, then G =, aL +bF
for some a > 0 and b > 0. Hence G1.G2 > 0, which implies that G is connected.

Last, we have to show that we can choose C in such a way that C'N L is given
by a. Consider the exact sequence of sheaves

0->J®0s, ,(M-L)=3J®0s, ,(M) = O,(M)—>0
and the corresponding long exact sequence of cohomology
HYZ1,0,T®0s, (M) = HY(L,Op(M)) - H (Z1,p, T ® O, (M — E)).

The last group is zero due to Lemma 4.3, and we are done. |

4.2 GENERAL CASE. Let ¥ be a smooth projective algebraic surface, and let
Ly,...,L;y C ¥ be smooth curves, such that for any 1 < ¢ < k and for any
smooth curve C' C X, the sheaf Ox(L;) is ample and there exists a curve L €
|Ox(L;)| intersecting C' transversally. In this section we will give a sufficient
condition for the existence of curves with prescribed singularities in the linear
systems £(37 _y nyL;), where £ is a fixed line bundle on X. The idea is to
reduce this problem to the case of ruled surfaces by degenerating % to the union
YUZXyL, 0., and applying geometric patchworking.

To formulate the theorem we will need the following
Notation 4.7: g;, as usual, denotes the genus of the curve L;. We define
a; = ny, and b; = deg(E(Toy niLi — Yimjpy L), )-
THEOREM 4.8: Let {S]’}Ejgm be singularity types. Define mj; = s(S}).
Without loss of generality we can assume that mj > mj; for all i,j. Assume

that there exists a smooth curve in |E(~ Ele L;)|, and for any 1 < j < k the
following conditions are satisfied:

(o iLi)) _

=1

L2 +1 (.7)
(aj -+ 2)(21)] ~4g;+4— a]-L;)f) > J (2mJ1 +3+ Z(m]z +1) )

2
L-7 g=1
L2 + T(j)
(aj +2)(2b; — 4g; + 2 — a; L) > —L5— (mj; +1)%,
LJ =1

L,.
(a; +1)(2b; — 4g; + 4 — a; L2 + L2) > = o2 Y o (myi+1)%,
1=1

b; —2g; + 1+ L% > (a; + 2)L2 > (mj1 + 1)L2.
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Then, there exists a curve C € |€ (Z?:l n;L;)| having exactly Zle r(t) singular
points of types {S;}E;é’,;(] ) as its only singularities. Moreover, H'(, I. Zf/ )

=0, and if k > 0 then C is irreducible.
The following claim will be useful:

CLAIM 4.9: Let C be a curve having exactly r singular points of types S, ..., Sy
as its only singularities, and let C' be a smooth curve intersecting C transver-
sally. Assume that H (S, IS/°*(C)) = HY(C',0c/(C + C")) = 0. Then, for
generic section a € H(C!, O¢:(C + C")), there exists a curve C € |Og(C +C")|
having exactly r singular points of types S1,...,S, as its only singularities, and
whose intersection with C' is given by a. Moreover, H'(Z, Igs/m(C)) =0.

Proof: The proof of the claim is easy; hence we present only a sketch of it and
leave the details to the reader.

Consider the curve Co = C UC’. It has r + C.C' singular points. We should
mention that the equisingular/equianalytic stratum has the expected dimension
at Cp due to the given h!-vanishing conditions. Hence by a small deformation
of Cy we can obtain a curve C € |O(C + C")| having exactly r singular points of
types Si,...,S, as its only singularities. Moreover, H 1(Z,Iés/ ““(C)) = 0 due
to the semicontinuity of the cohomology. Consider the exact sequence

HO(S, IZ/°4(C +C") = HO(C', 0 (C + C")) = HN(3,157°4(C)) = 0.

It follows now that one can choose C in such a way that the intersection cne’
is given by a generic section a. |

Proof of Theorem 4.8: The proof is by induction on k. If kK = 0 then there is
nothing to prove. Assume that the result holds for k = ko > 0, and let us prove
it for k = ko + 1.

First we construct the patchworking pattern. Let X be the blow up of ¥ x P!
along Ly x 0, and let 7: X — P! and 0: X — ¥ be the natural projections.
It is clear that Xo = XU E, where E = % Ly,Or, (Ly) 18 the exceptional divisor.
Define line bundle £ to be

k
L=0c"E ( Z niLi) ® Ox(-nkE).

i=1

It is easy to see that L), = S(Zfz—ll niL;) and L, =npum niL + mF', where

(following the notation of the previous section) F' is the homological type of
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the fiber in E, L is the unique irreducible curve in E having negative self-
intersection, and m = deg(é’(Zf:1 niLi), )-
By the induction assumption there exists a curve C € |£(—Ly + Zl | L)

having exactly S5 _1 r(i) singular points of types {S’ i <f:,’:(_li as its only sin-

gularities. Moreover, H!(Z, Ies/ea(C)) = 0. Thus, due to Claim 4.9, we can
construct a curve C; € |€ (Z 1 n;L;)| having exactly Z i) singular points
of types {SJ}}if:Z(zl as its only singularities, and whose 1ntersect10n with Ly
is given by a generic section o € HO(L, E(Ef:—ll n;L;}). Moreover,

k-1
(20) H' (2, i 5( ~Le+ Y. niL,-)) =0.
i=1

Applying Theorem 4.1, we can construct a curve Cy € |£|,| having exactly
r(k) singular points of types S}, . .. ,S,C(k) as its only singularities, and satisfying
H‘(E,Igz/ea ® L)) = 0. Moreover, we can assume that C; U C; is given by a
section of Lo.

Now we use Theorem 3.1 [21] and the weak patchworking theorem (Theorem
2.2) to finish the proof. |
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